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Mogqalada yarimoxda verilmis ikinci tortib diferensial operatorun manfi spektri tadgiq
edilmisdir. Monfi spektrin diskretliyi sortlori miiayyon edilmis, monfi moxsusi adadlorin
paylanma funksiyast tigiin bazi qiymoatlondirmalar alinmisdir.

Acar sozlor: Diferensial operator, spektr, moxsusi adadlar, paylanma funksiyasi, 6z-
6ziino qosma operator, agagidan mohdud operator, Hilbert fozast.

Molum oldugu kimi diskret spektro malik olan operatorlarin kvant
mexanikasinda vo nozori fizikanin bir ¢ox maosalalorinin dyronilmosinds
mithiim ohohmiyyati vo rolu vardir. Ona goro do verilmis operatorun moxsusi
odadlorinin  xassolorinin  Oyronilmasi va asimptotik paylanmasinin tadqiqi
xiisusi maraq doduran masalalordir.

Ik dafs C.Titcmars [9] biitiin hoqiqi oxda verilmis sonsuzluqda artan
potensiala malik Sturm-Liuvill operatorunun moxsusi adadlorinin asimptotik
paylanma diisturunu almigdir. Daha sonra onun torofindon Sredinger opera-
torunun moxsusi addlorinin paylanma funksiyasi li¢iin asimptotik diistur isbat
edilmisdir. Maxsusi adadlorin asimptotik paylanma diisturunun alinmasi ii¢lin
Titcmars metodu B.M.Levitan [5] torofindon tokmillosdirilmigdir.

Diferensial operatorlarin moxsusi adadlorinin asimptotik paylanmasini
Oyronmok ii¢iin G.Veyl vo R.Kurant [2] torofindon daxil edilmis variasiya lisu-
lundan da istifado olunur. Bu lisul M.S.Birman [1] torofindon inkisaf etdiril-
misdir. Bu B.Y.Skacekin [7] qiymatli tadqiqatlart vardir. Bazi hallarda verilmis
mosalonin spektri yalniz yegano limit ndqtosi sifir olan monfi moxsusi
adodlorden ibarat olur. Bu halda (- 8) dan ki¢ik olan maxsusi adadlor sayinin
asimptotikasinin tapilmasi xiisusi shahmiyyoto malikdir. M.S.Birman yuxarida
geyd olunan mogqalosindo yarimoxda verilmis ikinci tortib diferensial tonliyin
monfi moxsusi adoadlorinin paylanmasi tigiin qiymatlondirmolor alinmigdir.
Sinqulyar diferensial operatorlarin monfi moxsusi adodlori {iglin asimptotik
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diisturlar B.Y.Skacek [7], Q.Rozenblyum [6], A.Laptev [3], A.laptev vo
M.Z.Solomyak [4] torafindon alinmigdir.

1. Mbosalonin qoyulusu.Masalonin moxsusi adadlari ilo bagh bazi
barzbarsizliklor.
L,[0,00) fozasinda

I(y) ==y"=a(x)y ()
diferensial ifadosi vo
y'(0)=0 (2)
sorhad sortlori il toyin olunmusg L operatoruna baxagq.
Forz edilir ki, q(x) funksiyas1 asagidaki sortlori 6doyir:

1) q(x) funksiyasi [0,00) intervalinda kosilmoz, monoton azalan, miisbot
funksiyadir.
2) lLim q(x)=0.

X—>00

L operatorunun toyin oblasti D(L) elo y(X)el, [0,00) funksiyalarin-
dan ibaratdir ki, y'(X) har bir [a, b] c [0, 00) parcasinda miitloq kosilmoz olsun,
I(y)==y"—a(X)Vy,I(y) e L, [0, ) vo Y'(0)=0 sorti ddonilsin. Bu halda L
operatoru D(L)—dan L, [0,00) fozasina Ly =I1(y) kimi tasir edon operatordur:

L:D(L)— L,[0,0)

Bu qayda ils toyin edilmis L operatoru 0z-6ziina qosma, asagidan
mohduddur vo spektrinin monfi hissosi diskretdir [1]. L operatorunun maonfi
moaxsusi adadlorini 4, < A4, <--- < A4, < kimi isars edok.

g(X) funksiyast lizerino qoyulan sortlordon onun tors funksiyasinin
varligt alinir. Bu tors funksiyan1 p(X) ilo isars edok. ¢ € (O,q(O)) adadini go-

tiirok vo asagidaki operatorlar toyin edok:
1) Lz[p(g), OO) fozasinda

I(y) ==y" —a(x)y
diferensial ifadosi vo y'(p(g))=0 sorhod sorti ilo toyin olunmus

operatoru L' ilo isara edok.
2) L, [0, p(¢)) fozasmda 1(y)=-y"—q(x)y diferensial ifadosi vo

uygun olaraq y(0)=y(p(g))=0 vo y'(0)=y'(p(¢))=0 sorhad sortlori ilo
tayin olunan operatorlart L, vo L, ilo isars edok.

3) Ly[x,.%]| fozasinda (1) diferensial ifadosi vo uygun olaraq
Y(Xi_)=Y(X)=0 vo Y'(X_)=Y'(X;)=1 sorhad sortlori ilo toyin olunmus
operatorlar1 Ly; vo L;; ilo isars edirik.

4) L,[%_,.%] fozasinda (1) I(y)=—y" —q(x,)y(x) diferensial ifadosi
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va (Y(X)) =Y(X;)=0 sorhod sorti ilo toyin olunmus operatoru E()i ilo,
I(y) =-y"—q(x_,)y(x) diferensial ifadasi vo (Y'(X_;)) =Y'(x;) =0 sorhad
sorti ilo tayin olunan operatoru iss L;; ilo isars edok.

Ovvolco asagidaki teoremi isbat edok:

Teorem 1. Ogor ((X) funksiyast 1) sortini 6doyorso, onda istonilon
y € D(L') iigiin

(LYy,y)=—&(y.y) 3)

barabarsizliyi dogrudur.

isbat1. istonilon y € D(L') iiciin asagidaki boraborliklori yaza bilerik:

o0

(Ly.y)= [[-y"0-a()y(] y(dx = -y )y +

Pe) p(e)
+ [ Y0y 00dx— [a00y*(0dx= [ (y(0)dx— [q0y’(odx  (4)
p(e) p(e) p(s) p(e)
sorto goro q(X) funksiyasi monoton azalan oldugundan [p(g),oo) intervalinda
() <d(p(e)) =2 (5)

borabarsizliyi dogrudur. Onda (4), (5) miinasibatlorindo istonilon Yy € D(L')
tiglin (L’y, y)Z—g(y, y) oldugunu aliriq; N(«), Ny(a) vo N,(a) ilo uygun
olaraq L,L, vo L' operatorlarmin —a —dan « €(0,0) kigik olan monfi

moxsusi adadlorinin sayini isars edok.
L operatorunun A4;,4,,...,4,,... moxsusi adadlorino uygun ortonormal

moxsusi vektorlarint U;,U,,...,U,,... ilo isaro edak.
T=L+oE,Ty=L,+aE, T, =L, +aE isaro edok. Burada E ilo uygun
olaraq L, [O, ) vo Lz[p(g), ) fozalarinda vahid operatorlari isaro edirik.
Aydindir ki,
A SAh <A S Ay S0 Ay >~ (6)
oldugundan T operatorunun moxsusi adadlori
u=4+a (i=12,..) olar.
Onda (6) miinasibatino gors
Sy oS iy <05 fiyggyn 20
olar.
Buradan T operatorunun monfi moxsusi adadlorinin saymin N(a)—ya

borabor olmasi alinir.
T, operatorunun o —dan kicik olan moxsusi adodlori saymi Ny(«), T,

operatorunun « — dan kicik moxsusi adadlori saymn1 N, () ilo isaro edok.
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T, vo T operatorlarinin manfi maxsusi adadlarini uygun olaraq

Hoy < Hoyz <. < HOo)Ny(a) (8)
\C)
Hayt < Haya <= BNy (a) )
ilo, bu moxsusi adadlors uygun ortonormal moxsusi vektorlarini iso
P> Posee s Prg(a) (10)
\6)
VisWas s ¥N(a) (11)

ilo isaro edok.

2. Osas naticalar.
Teorem 2. Ogor ((X) funksiyasi 1), 2) sortlorini 6doyarss, bu halda

istonilon ¢ € (0, 0) {igiin
N(@) 2 Ny (@) (12)
barabarsizliyi dogrudur.
Isbati. Oksini forz edok. Yoni forz edok ki, N(a)<Nj(a).

Pi> P s Py (o) Tunksiyalarin hor birine ortoqonal olan, yeni p(e)

p(s)
(@.0)= [@(0p()dx=0, i=12,...Ny,, (13)
0
sortini ddoyon
Ng(a)
Q= Zﬂi(ﬁi (14)
i=1
elementini gotiirok.
No(a) No(a)
(Top.0)=|To| 2Aoi | LA |=
Ng(e) Ng(a) 5
ZIBHU(O)I¢|7 Zﬂl(ol /J(O)i|ﬂi| =y <0. (15)

[2]-don molumdur ki, bu halda (o(x) funksiyas1 vardir ki, asagidaki
sortlor 6donilir:

a) @(x) funksiyasinin [0, p(g)] pargasinda ikinci tortib kosilmoz
toromasi vardir;

b) Ela [a, b] c (0, p(e)) parcasdi vardir ki, bu parga xaricindo @(x)=0.

V) |(TO¢’ (;)_ (TO¢’ (p) < _g
e) (¢,9)=0, i=12,...N(a)
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Molum oldugu kimi [ ],

mf(Ty, Y) = HN(a)yr
=1 (18)
yLleg, i=12,...N(a)

[T{%}EJ:[T[(’?J (’7} HN(ays 20 (19)

(106.5)20 (20)
alirig. (15) va (20) miinasibatlorindon
(To(;a 5)_ (Togo, (/’) = (To(ﬁa (5)_ yz-y
alinng. Bu iso v) sortino ziddir. Demoli, N(a)< N,(a) ola bilmoz,
N(a) 2 Ny(a) olmalidir. Teorem 2 isbat olundu.

Teorem 3. ((X) funksiyast 1), 2) sortlorini 0dodikdo istonilon
e [8,00) ugln

Buradan

N(a) < N;(a) (21)
barabarsizliyi dogrudur.
Isbati. Oksini forz edok; forz edok ki, N(a)>N,(2) Onda

P> Prs- - P funksiyalarna ortoqonal olan sifirdan forqli elo

N(a)
o= 2.dig (22)
i=1
funksiyasi1 vardir ki,
N(a) N(a)
To.0)=| T| 2digy | 2o
N(a) N(a) N(a)
=| 2 diug, D dig |= Z ﬂ||d | <0. (23)
i=1 i=1
Bu ifadoni asagidaki kimi gostors bilorik:
p(s) o
(Te.p)= [(To(x)-p(0)dx+ [(Te(x))-@(x)dx <0 (24)
0 p(e)
Gostarak ki,
p(s) B
[(Tp(x)-7(x)dx >0 (25)

0
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p(s)
Ogor j' |go(x)|2dx =0 olarsa, onda
0

o0

1/2 1/2
[ (To())p (x)dx { | |T¢(x)|2dx} { | |gp(x)|2dx} =0 (27
p(e) p(e) p(e)
olar.
Buradan
[Te(x) - p(x)dx =0 (28)
p(e)
p(e)

alariq. Indi iso (25) borabarsizliyini J |g0(x)|2 dx > 0 oldugu halda gostarak.
0

Oksini forz edak. Tutaq ki,

0

[Te(x)- p(x)dx < 0 (29)
p(e)
yel, [0,00) tgiin
IV = [lyoofdx (30)
p(e)
gdtiirak. (29) borabarsizliyindon ¢ixir ki,
inf T -y(x)dx <0 1
ot [(T00)- yeodx < 3D
Ivl=1 P
Digor torofdon

inf  [(Ty(0)-yoodx=_inf — [(Ty(0))-y(odx  (32)

yeD(T), yeD(T),p(e)
¥laceo. PO b=t P
¢

oldugu molumdur. Onda (31) va (32)-don alariq:

yeglngf)(L,)((L +aE)y.y)<0
y =

Vo ya

. , o
yeér(lTlf;(Ll)(Ly,y)< a<-—¢. (33)
Y=

Alignmig bu barzbarsizlik iso teorem 1-o ziddir. Yoni (25) boraborsizliyi
doorudur.
Naticoda
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p(e)

[T(y(0)-y00dx <0 (34)
0
oldugunu aliriq.
ogor
p(e)
(Y.wi)=" [ yOow; (xdx (35)
0
oldugunu noazors alsaq (34) borabarsizliyindon alariq:
p(s) -
inf T(y(X))- y(x)dx <0 36
jnf { (y()- y(x) (36)
yl=t.
YLy (i=1.2,...N; (@)
Burada
o(e) . 1/2
Ivl, =| ] lyooldx (37)
0
(36) borabarsizliyindon asagidaki borabarsizlik alinir
p(e) -
‘ i JT(0e0)- yOodx <0
y 2:1

Y (0)=y'(p(e)).
yLyi(i=1.2... Ny (a)

Burada iss asagidaki borabarsizlik alinir:

p(e) o
inf T(y(x)) y(x)dx <0 38
e JT(y00)-¥00 (38)

Tk

yLyi(i=1,2,...Ny(a))
Digor torafdon iso

p(e)
inf (T, (y(x y(x)dx = _ >0 39
yﬁ)m):o £ {(Y00))- Y00 Hn(Ni(ery+1) (39)

y[=1,

YLy (i=1,2,.. -Nl (@)

(38) vo (39) borabarsizliklori ziddiyyat toskil edir.
Onda aling ki, N(a) > N;(a), ae [8,00) ola bilmoz. Yoni istonilon

ae [g,oo) iicin N(a) < N;(a) olmalidir. Teorem 3 isbat edildi.

Mosalonin qoyulusuna va isin yerino yetirilmosindo gostordiyi komoya
goro elmi rohborim professor Homidulla Aslanova 6z dorin tosokkiiriimii
bildirirom.

53



ODOBIYYAT

1. bupman M.II. O cnekrpe CHHTYJISAPHBIX TPaHUYHBIX 3a1ad. Marem. cOopH. (Ne5), 55(97),
1961, c.125-174.

2. Kypasr P., I'nne6ept JI. Metonsr matematndeckoit ¢pusuku. M.-JL.Tocrexuznar, 1951, 1.1,
476 c.

3. Laptev N.A. Asymptotics of the negative discrete spectrum of a class of Schrodinger
operators with large coupling constant. Proc. Am. Math. Soc. 119 (2), 1993, p.481-488.

4. Laptev A.A., Solomyak M.Z. On the negative spectrum of the two-dimensional
Schrodinger operator with radial potential. Commun. Math. Phys. 314 (1), 2012, p.229-241.

5. JleButan b.M. O paznoxeHuu 110 coOCTBeHHBIM (yHKIHsM oreparopa Illpeaunrepa B ciy-
yae HeorpaHndeHHoro pacryiero norenuuania. JJAH CCCP, 1955, 1.103, Ne2, ¢.191-194.

6. Rozenbloom G.V. An asymptotics of the negative discrete spectrum of the Schrodinger
operators. Math. Notes 21(3), 1977, p.222-227.

7. Ckauek Bb.SI. O0 acuMnTOTHKE OTPHLATENBHONW YacTH CIIEKTpAa MHOTOMEpHBIX angde-
peHumanbHbIX oneparopoB. Jomobigi AH YPCP, 1964, Nel, c.14-17.

8. CmmproB B.M. Kypc Breicmieit maremaTtuku. 1.5, M3a-Bo ¢pus-mat. nmurepatypsi, M.1959,
655c.

9. Turumapm E.Y. Paznoxenns mo coOCTBEHHBIM (YHKIUSAM, CBs3aHHBIE ¢ auddepen-
[MaTbHBIMU YpaBHEHUSIMU BTOpPOTO mopsiika, T.2, M. NJI, 1961, 565c.

HEKOTOPBIE HEPABEHCTBA, CBSI3AHHBIMH C ®YHKIMIMHA
PACHPEAEJEHUS OTPULATEJBHBIX COBCTBEHHbBIX 3HAYEHNHU
JUODOEPEHIIUAJIBHBIX OITEPATOPOB HA ITOJIYOCH

I .M.DHBA3JIbI
PE3IOME

B nmamHO# crTaThe WCCIIEOBAaH OTPHUIATEIBHBIA CHEKTp AU QPEepeHINATEHOTO
oriepaTopa BTOPOTo MOpsiaKa Ha 1moiyocH. [1oiaydeHbl yCIIOBHs AUCKPETHOCTH OTPHIIATEIBHOTO
CIEKTpa M JIOKa3aHbl HEKOTOpbIE OLEHKH sl (YHKIMHM paClpeeieHUs] OTPUIATEbHBIX
COOCTBEHHBIX 3HAYCHHH.

KunroueBsbie ciaoBa: J{nddepeHipansHplil onepaTop, CrekTp, COOCTBECHHbBIC 3HAYCHHS,
(GYHKIMST pacipeiesieHust, CaMOCONPSUKEHHBINA OIepaTop, OrpaHUYEHHBIA CHU3Y OIEeparop,
rHIb0EPTOBO MPOCTPAHCTRO.

SOME INEQUALITIES RELATED TO DISTRIBUTION FUNCTIONS

OF NEGATIVE EIGEN VALUES OF DIFFERENTIAL OPERATORS

ON THE SEMI-AXIS
G.MLEYVAZLI
SUMMARY

In this paper we study the negative spectrum of a second-order differential operator on

the semi-axis. Discreteness conditions of the negative spectrum are obtained and some

estimates are proved for the distribution function of negative eigenvalues.

Keywords: Differential operator, spectrum, eigen values, distribution function,
selfadjoint operator, lower bounded operator, Hilbert space
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