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Isda iimumilosmis Vud-Sakson potensiali ii¢iin Pekeris yaxinlasmasinin kémayilo radial
Kleyn-Qordon tonliyinin analitik hallori arasdirilmisdir. Ixtiyari | - hali iiciin Nikiforov-Uva-
rov metodundan istifads etmaklo enerjinin maxsusi qiymatlori va radial dalga funksiyalar: ta-
punmigdr. Homginin potensial ¢uxurun V,, vo W darinliklorindan, radial n va orbital [ kvant
adadlarindan va Ry , a parametriarindan asili mahdud sayda enerji spektri miiayyan edilmisdir.

Acar sozlor: Kleyn-Qordon tonliyi, Umumilosmis Vud-Sakson potensiali, Pekeris
yaxinlagmasi

Nozari fizikanin vo eloco do kvant mexanikasinin 9sas masololorindon
biri do bazi fiziki maraq kasb edon miioyyen tip potensiallar iiciin dalga ton-
liklorinin - Sredinger, Kleyn-Qordon vo Dirak tonliklorinin analitik hall edilmo-
sidir. Belo ki, dalga tonliklorini hall edoarak tapilan dalga funksiyalarindan
kvant sistemlori haqqinda miithiim molumatlart miioyyon etmok miimkiindiir.
Bu ndqteyi-nozordon dalga tonliklorinin analitik halli ciddi eshamiyyat kosb
edir. Hal-hazirda yiiksok texnologiyada - kvant ndqtolorinin alinmasi vo onlarin
idaro olunmas1 nazari va totbiqi fizikanin aktual vo on mithiim problemlarin-
dondir. Beloliklo, miixtolif tip potensial saholor {i¢lin enerji spektri praktiki ma-
raq kosb etdiyindon ixtiyari parametera nozoron enerjinin moxsusi qiymat-
lorinin xassolorinin dyronilmasi ¢ox vacib va aktualdir.

Umumilosmis Vuds-Sakson potensiali hacmi (standart) Vuds - Sakson

potensiali ilo soth Vuds-Sakson potensialinin comina borabardir [1]:
r—R
Vo We @
V(r) =-— o 5 (1)

%o —R
Lrea (1+ea)
burada V,,W potensial ¢uxurlarin darinliyi, R, -potensialin eni vo ya niivenin
radiusu, a - parametri iso soth tobogosinin qalinlig1 vo o, ionlagma enerjisinin

tocriibi qiymoti ilo miioyyen olunur. Umumilosmis Vud-Sakson potensialinda
soth hissosi osason sotho yaxin oblastda olave potensial ¢uxur yaradir ki, bu da
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niivo reaksiyalarinda elastiki sopilmalorin izahinda ¢ox shomiyyatli yer tutur.

Vuds - Sakson tipli potensiallari iiclin orbital kvant adodinin [ # 0 ix-
tiyari qiymotindo dalga tonliklori doqiq hoall oluna bilmir. Orbital kvant odo-
dinin [ # 0 halinda dalga tonliklorinin toqribi analitik hollini tapmaq ii¢lin bir
ne¢o yaxinlagsma var ki, onlardan on ¢ox genis istifado ediloni Pekeris torofin-
don toklif olunan yaxinlagsmadir [2]. Pekeris yaxinlasmasi morkozogagma po-
tensialinin niivelor arast masafosindon asili olub, ikinci tortibs qodor hadlori
nozors almagla eksponensiallara goro siraya ayrilmaya osaslanir. Ik dofs Pe-
keris yaxinlagmasinda Nikiforov-Uvarov metodunun komayi ilo orbital kvant
ododinin ixtiyari [ # 0 gqiymotindo Vuds - Sakson tipli potensiallar {i¢iin radial
Sredinger vo radial Kleyn - Qordon tonliklori analitik hall olunmus, enerjinin
moxsusi qiymatlori vo moxsusi funksiyalar1 tapilmisdir [4-7]. Bu islordo
ixtiyari [ - halinda V;(r) morkozogqagma potensiali tigiin asagidaki approksi-
masiya sxemi — Pekeris yaxinlagmasi toklif edilmisdir:

! |/C L S 2 \\
2 pzl Lo T—R R 2 |
r RO\ l+ea <1+e—r aRO> /

Belo ki, [4, 5] islorindo Ry ,a spesifik potensial parametrlordon asili olan
Co, C;1, C, komiyyatlori (2) miinasibatinin har iki torofini niivonin sothi yaxin-
liginda - r = R, noqtosi otrafinda Teylor sirasina ayirmaqla miiqayisodon
toyin olunan parametrlordir. [6] vo [7] — do iso uygun olaraq ixtiyari [ halinda
effektiv Vuds-Sakson vo timumilogmis Vuds - Sakson potensialinin r = 7, mi-
nimum noqtosi otrafinda miioyyon olunan C,,C;,C, approksimasiya para-
metrlori osasinda V;(r) morkozoqagma potensialina (2) Pekeris yaxinlasmasini
totbiq etmoklo Nikiforov - Uvarov vo Supersimmetrik kvant mexanikasi metod-
larmin koémoyi ilo D - 6l¢iilii radial Sredinger tonliyi analitik hall edilmigdir.

Isdo imumilosmis Vuds - Sakson potensiali {i¢iin radial Kleyn — Qor-
don tonliyini analitik hall edarok enerji spektri vo dalga funksiyasi tapilmisdir.
Hesablamalar ixtiyari [ halinda (1) imumilosmis Vuds - Sakson potensialin
r =1, minimum noqtosi otrafinda miioyyon olunan C,,C;,C, approksima-
siya parametrlori asasinda V;(r) morkozogagma potensialina (2) Pekeris yaxin-
lagmasini totbiq etmoklo Nikiforov-Uvarov metodunun kdémayi ilo aparilmisdir.

Radial Kleyn-Qordon tonliyinin holli

Sferik simmetrik skalyar S(r) va vektor V(r) potensial sahalords spini
sifra borabor olan zorrocik iicilin stasionar Kleyn-Qordon tonliyi asagidaki
kimidir [8]:

P2, 0,0) + s [(F = V()P = (M2 + SEN2 (. 6,0) =0, (3)
burada M — zorraciyin kiitlosi, r - radius, 6 - polyar bucaq, ¢ - azimutal bu-
caq, h - Plank sabiti, ¢ — is181n siirotidir. Laplas operatoru

(2)
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% 190 0 2
A= V2= V2 + ﬂz——(rz—)— (4)

r?2  r2or\ 9dr) h?r?
oldugundan (3) tonliyinin halli sferik koordinat sistemindo
()
Ym0, 0) = 22Y,,.(6,9) )
soklinds axtarilir. Verilmis Y;,,(0 , @) sferlk funksiyasi ti¢iin
LZYlm(g'(p) = hzl(l + DY (6, 0) (6)

tonliyi 6denilir, burada [ - orbital kvant adodi va m iso maqnit kvant adadidir.
(4) - (6) ifadalorini (3) tonliyindo yerino yazib vo miioyyon ¢evirmalor-
don sonra u(r) radial funksiya tictin agagidaki tonlik alinir:

Cum @) | [(E V) — (Mc? + S(r)) ——hzczl(zl“)]

dr2 hz 2 U (1) = 0,(7)

burada 0 < r < oo — dir.
Skalyar vo vektor potensiallar1 imumilosmis Vuds - Sakson potensialina
barabor S(r) = V(r) = Vg s(r) oldugda (7) tonliyi asagidaki soklo diisiir:
d?u,,(r) 1 h2c?l(l + 1)
= —2] un (r) =0,(8)

12 7oz E? — M?c* = 2(E+ Mc®)V(r) —

Orbital kvant ododinin ixtiyari qiymsetinds Nikiforov-Uvarov, asimptotik
iterasiya vo s. Uisullardan istifado etmoklo bu potensial ii¢iin (8) tonliyini analitik
hall etmok miimkiin deyildir va buna sabab markezoqagma potensialidir, yani

2 2
Vl(r)—h a+1

rZ
. r—R
Bu mogsadlo yeni x = —

9)
= Ry(1 + x) orbital

morkozoqagma V,(r) potensialini, imumilogsmis Vud-Sakson V(r) potensia-
av(r . T—Ro — ..
YO~ 0 ekstremum sortindon alinan e a =e* = 7= tonliyini
T W+Vo

odayan, yani onu (1) imumilogmis Vud-Sakson V(r) potensialinin x = x, =

linin

X = Zin (W_VO) minimum noqtasi otrafinda Teylor sirasina ayiraq:
a W+V0
R2c?l(l + 1) _ R2c2l(l+1) 1

vV = = =
() r2 R (1+x)2
2 3
=5 — X=Xe) s (A X 24 10
Arx)y Arep ™ T X7 e (o
burada § = L(Hl)-dlr Qeyd edok ki, = W;VO miinasibatino 9sasan
0 0

* > 0 oldugundan W >V, vo ya W < =V, alinir. ©Ogor bu sort 6donmazsa,
imumilogmis Vud-Sakson V(r) potensialinin minimum noqtasi olmur. Pekeris
approksimasiyasina gora V,(r) potensiali asagidaki kimi gotiiriiliir [2, 4-6]:

R2c2l(l+ 1) C, C,
4 = , 11
(@) RZ ( CT e Ty e“x)z) a1
2.2
burada @ = Ry/avo d = h+(zl+1)-dir.
0
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7,(r) potensialimi x = x, = Xypin (¥ = To = Ihyip) Minimum noqtasi
otrafinda Teylor sirasina ayiraq:
7.0 5{ c, C, ( ac,ee 2ac,e%e
Vi(r) =03Cy + + - +
: T 14+ e®e (1+e%e)?  \(1+e%e)? (1 + e%¥e)?
a’c,e®e(1 —e%e) q?c,e%e(1 — 2e%%¢) ( ¥
- + X —Xg)? + - 12
2(1 1 ea%e)? (1 + ewe)’ e (12
(10) vo (12) ifadalorindo x - in eyni tortibli uygun hoadlorinin miigayisesindon
Cy,C,,C, sabitlorinin toyini li¢lin asagidaki cobri tonliklor sistemini alariq:

) G- %)

( C, C, 1
1+e%e  (1+e%e)?2 (1+x,)
ac,e®e 2ac,ee 2
+ = 13
(1+e™e) " (1+e@e)  (1+x,)3 (13)
a?c,ee(1 —e%e) q?c,e%e(1 — 2e%%e) 3
+ =
U\ 2(1 + e®Xe)3 (1 + eaxe)* (1+x,)3

Bu cobri tonliklor sistemini holl edorak - naticads ¢, , €, , C, sabitlori tigiin asagi-
daki ifadolori tapariq:

( 1 (1 + e%¥e)? [e‘“xe —3  3e %
Co = +
T (1+x,)? ae®e(1+x,)3l1+e%*e " a(1+x,)
2(1 + e%¥e)? Cay, 31+ e7%e)
{ C1= i S (14)
ae%e(1+ x,) a(l+x,)
(1 + e%e)3 3(1 + e™%%e)
— —aXe __ R
L 2T ae®e(1 + x,)3 a(l+x,)

Radial Kleyn-Qordon tonliyinin (9) miinasibotilo verilmis v,(r) moarko-
zdgagma potensiali li¢lin holl etmok ovozino Pekeris yaxinlasmasindan alinmis
(11) miinasibatilo toyin olunan ¥,(r) morkozogagma potensialinda yeni radial
Kleyn-Qordon tonliyini hall edok. Beloliklo, Pekeris approksimasiyasina osason
(8) tonliyindo v,(r) yerino 7,(r) yazsaq, alariq:

| 2(E + Mc?) _la+1)
d*un (r) + E* —M?*c* 1(1+1) c w2z~ (Vo + W) RZ Cy
2 2.2 2 0 —=
dr [ h4c R2 =
2(E+McHW | 1L+ 1)G)
h?c? + RZ |
- TR\ 2 U (r) = 0. (15)
(1 + eT)
Yeni z = —11”—R0 ; 0 <z <1 doyisonini daxil etsak, (15) tonliyi
1+e a
dun(z)  1-2z duy(z)  —& + p2z—y?2?
dz? z(1—2z) dz 72(1 — 2)? un(2) =0, (16)
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soklo diisor, burada

E2 —M2c* 1(l+1)C,
2 _ _ 2
el = < PYP RZ )a >0, a7n
2E+McH(Vy+W) 11+ 1)C,
2 _ _ 2
p? = < PEy RZ a>0, (18)
2(E+McHW 11+ 1C,
2 _ 2
oo (LELEW DG 9
olagoli hallar iigiin € > 0 (|E| < Mc?) olmalidir.
Nikiforov-Uvarov metoduna [3] asason (16) tonliyindon
0(2) =z(1-2); #(z) =1-2z; 6(z) = —€? + B2z —y?%2?, (20)
alinir. Belo ki, m(z) funksiyasi (20) vo ¢'(z) = 1 — 2z osason
n(z) = +/e2 — (B2 — k)z + (y% — k)z2 (21)

olur. Sabit k parametri, kokalti ifadonin tam kvadrata malik olmasi, yoni onun
diskriminantinin sifira borabor olmasi gortindon tapilir:

2
k=—(eFVe2—p7+72) +v2. 22)
Belolikloa, har bir k {igilin iki miimkiin 7 (z) funksiyasi vardir:

n(z>=+{(£‘m)z—e or k= (e = JZ—FTH77) +7?

2
(£+ 82—,82+y2)z—€ gr k= —(£+ 22—[)’2+y2) +y?
NU metoduna [3] asason m(z) polinomunun (23) dérd miimkiin for-

masindan elasini segirik ki, bu forma polinom f{i¢iin 7(z) funksiyasinin toro-
masi monfidir:

T(z)=f(z)+2n(z)=—2(£+ ez—ﬁz+y2+1)z+2£+1;

T'(Z)=—2(€+\/€2—,32+]/2+1)<0

vo kok (0,1) intervalinda yerlosir, yoni 7'(z) <0, 0 <z < 1. Buna goro
m(z) va1(z) funksiyalar asagidaki formada olur:

(23)

n(z):—(£+ 82—ﬁ2+y2)z+£ (24)
T(Z):—2(€+1/€2—,82+y2+1)z+2£+1 (25)
k=—(£+ 82—ﬁ2+]/2)2+]/2 (26)

Onda A =k + 7'(z) sabiti
A:—(£+ 82—,82+y2)2+y2—(s+ 82—[32+y2) (27)
olar. NU metoduna [3] asason 4,, - in digar alternativ toyinino gore
/1=/1n=2(£+ ez—ﬁz+y2)n+n(n+1) (28)
olur. (27) va (28) miinasibatlorin miigayisasindon
—(s+ 82—,82+y2)2+y2—(8+ 82—,82+y2)
= 2(£+ 62—,82+y2)n+n(n+1)
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alanq:

1) 1
<s+ 82—ﬁ2+y2+n+—) —y2—-=0.

2 4
Yuxaridaki miinasibatdon

Sy R (29)
J1+4y2 -1

alinir, burada

n' = — 1 (30)

va n radial kvant adodidir (n = 0,1,2,-++) . Belaliklo, (30) miinasibatindon tapariq:
Ly Y 31

£= > n my D

Olagoli hallarin E < 0 vo dalga funksiyasinin sonlu olmasi1 € > 0,e? — % +
y? > 0 sortlorindon n’ > 0 vo |B? — y?| < n'? alinir.

Uygun olaraq €, f vo ¥ - nin (17)-(19) ifadoalorini (31) — do yerino yazib
miioyyan cevrilmolordon sonra enerji spektrinin toyini {i¢iin asagidaki enerji
saviyyelori tonliyini aliriq:

h2c2l(l + 1)( C, + Cz)

E? — M2c* + V,E + Mc?V, — .
R2 2

2
h?c? 8(E + Mc?)a2Ww 4l(l + 1)a?C,
+ 1+ + > —2n-1
16a? h2c? R§

2(E + Mc®)a?V, I+ 1)a?(C, + C,)\
16 22 - 2
h%c R§

=0.(32)

h2c2 R

]
|
7|
(Jl | BE+Mc)a?W | 4l + Da?C, ., 1) Jl

Bu irrasional tonlikdon potensialin V, vo W dorinliklorindon, potensialin R,
enindon, sothin a qalinhigindan, radial n vo orbital [ kvant ododlorindon asili
mohdud sayda enerji spektri tapilir.

Umumilosmis Vuds-Sakson potensiali sahosindo radial dalga funksiya-
sin1 tayin etmok tigiin 0(z) ,7(z) , m(z) funksiyalarinin ifadslorini

9@ _ = P& _1@)- a'(2)
¢(z) a(2) p(z) a(z)

tonliklorindo nozoro alaraq - birinci tortib adi diferensial tonliklori holl etsok,
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(0,1) intervalinda sonlu ¢(z) va p(z) funksiyalarini tapariq:

0(2) = 25 (L =)V P77, (33)
p(z) = 225 (1 = )P, (34)

Coki funksiyasmin askar sokli vo Rodrigues miinasibotino [3] osason radial
dalga funksiyasinin ikinci hissasi
n
yn(Z) =B,z 28(1 _ Z) 2,/e2=B2+y2 : n[ n+2£(1 _ Z)n+2\/52—ﬁ2+y2] (35)
z
olar, burada B, = l - normallagsma sabitidir [9]. Noticads, y,,(z) funksiyasinin
Yakobi ¢oxhadlisi 119 verildiyi miioyyan olunur:

(22 2./&2— B2+y2)

Yn(2) = B, (1-22), (36)

burada

Péa'ﬁ)(l 27) = 1 2 %(1—2z)" ﬁ [Z”"'“(l z)n"'ﬁ] (37)

Yakobi polinomudur. Beloliklo, radial dalga funksiyasi
unt(2) = Gz (1= Y EF LTI gy (o

olar, burada C,;; normalanma sabitidir.
Enerji soviyyslorinin (32) tonliyinds qeyri-relyativistik limit halina
(c > ©) kegsok, yoni E —Mc? > E,E + Mc? - 2Mc?,V, > % R% —>¥
cevrilmolorini aparsaq, onda imumilogmis Vuds-Sakson potensiali tigiin geyri-
relyativistik E,,; enerji spektrinin ifadosi alinir [7]:
Vo R+ 1)< C, + C2>
2 2MRZ \° 2

Ey=—

—2n—1

h? - 8Ma?W N 41(1 + 1)a?C,
32Ma? h? R2

2Ma?V, 11+ 1)a?(Cy + )\
16 (253 20 >

1
|
|
2 2
1+8Ma2W+4l(l+12)a C2—2n—1

Natica
Umumilosmis Vuds-Sakson potensiali sahosindo morkozogagma poten-
sialina Pekeris yaxinlagmasi sxemini totbiq edorok orbital [ kvant ododinin ix-
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tiyari giymotindo Nikiforov-Uvarov metodunun kémoyi ilo Kleyn - Qordon
tonliyinin olagoali hallarinin enerjisinin moxsusi qiymatlori vo uygun moxsusi
funksiyalarin analitik ifadslori tapilmisdir. Belo ki, potensialin V, vo W dorin-
liklorindon, radial n vo orbital [ kvant odadlorindon, R, ,a parametrlorindon
asili mohdud sayda enerji spektri miioyyon edilmisdir. Homginin relyativistik
enerji soviyyalori tonliyinds ¢ — oo olduqda, yani qgeyri-relyativistik limit ha-
linda, imumilogmis Vuds-Sakson potensiali liclin qeyri-relyativistik E,; enerji
spektrinin ifadosi alinmisdir [7].
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PEIIEHUE YPABHEHUS KJIENHA-TOPJOHA
JJI1 OBOBIIEHHOTI'O TIOTEHIIHAJIA BY ICA-CAKCOHA

B.I'BAJJAJIOB
PE3IOME

B mpencraBnenHol paboTe ObUIM W3Y4eHBl AHAJMTHUUECKHE DPEUICHHS paIuaibHOTO
ypaBHenus Kueitna-I'opnona st o6oOmenHoro norteHnuana Bynca-CakcoHa ¢ moMomipio
anmnpokcumanus Ilekepuca. C ucnonszoBanneM Merona Hukngoposa-YBaposa Oblu Haiine-
HBI COOCTBEHHBIC 3HAUEHHSI SHEPTUH U BOJIHOBOW (DYHKIMH JUIS MPOU3BOJILHOTO | COCTOSIHUSL.
Taxoke, ObIIM ONpeENENeHbl KOHEYHBIE YHCIA IHEPTETHYECKOTO CIIEKTpa B 3aBUCHMOCTH OT
rmyOounsl moteHnuanos V, m W, pamuaibHOrO N W OpOMTaNBHOTO | KBAaHTOBBIX YHCEN H
napameTpoB Ry ,a.

KuaroueBnie cioBa: Ypasuenus Kueitna-I'opmnona, O0o0mieHHbI moTeHIMan Bynca-
Cakcona, CBsI3aHHBIE COCTOSIHUS
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SOLUTION OF THE KLEYN-GORDON EQUATION
FOR THE GENERALIZED WOODS-SAXON POTENTIAL

V.H.BADALOV
SUMMARY
In the present work, the analytical solutions of the radial Kleyn-Gordon equation have
been studied for the generalized Woods-Saxon potential by using the Pekeris approximation.
The energy eigenvalues and radial wavefunctions were found for arbitrary 1 - state via the
Nikiforov-Uvarov methods. Furthermore, a finite number energy spectrum depending on
depths of the potential V, and W, the radial n and the orbital | quantum numbers and

parameters Ry, a was identified as well.

Keywords: Kleyn-Gordon equation, Generalized Woods-Saxon potential, Bound states
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