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Riyazi fizika tanliklarinda tars masalalarin 6ziinamaxsus yeri var. Bu tars masalalor ara-
sinda tanliyin amsallarimin tapiimasi masalalari xtsusila farglonir. Belo masalalorda tanliyin
halli ilo yanasi amsallar da namalum olur [1,2].

Isda simin ragslar tanliyinin Kigik haddinin omsalinin tapimast masalasi arasdirilir. Bu
masalo optimal idaraetma masalasina gatirilir vo alinan masalaya optimal idaraetma nazariy-
Yasinin tisullart totbiq olunur. Baxilan maSaloda optimal idaraedicinin varligi, funksionalin
Frese manada diferensiallanan olmasi va optimalliq sarti aragdurilir.

Acar sozlar: rogs tonliyi, kicik hoddin omsali, tors mosolo, optimal idaroetmoa

1. Masoalonin qoyulusu

gt‘j - gX‘j +30,00,00u = f (60,060 Q=(0.0x(O.T), (1)
u(x,0)=u,(x), W=ul(x), 0<x<Y, 2)
u(0,t)=u(l,t)=0, 0<t<T, 3)
u(x,ty=g,(t), 0<t<T,i=1..n 4)
miinasibatlorindon (u(x,t),v(t))e W, (Q)x(L_(0,T))" ciitiiniin tapilmasi mosalosino
baxaq, burada /¢>0,T>0 — verilmis ododlor, feL,(Q),u,eW,(0,/),

u e L,(0,0),9,€L,(0T),helL_ (0,0),i=1..,n —verilmis funksiyalar, x € (0,/),
i=1,...,n - verilmis miixtolif noqtolordir; v(t)=(,(t),...,v,(t)) - vektor funksiyadir.
v(t) vektor-funksiyasi verildikda (1)-(3) masalasi Q oblastinda diiz mo-

salo olur. (1)-(4) mosalasi iso (1)-(3) masalosing tors masalo adlandirilir. (1)-(4)
tors masolosini asagidaki optimal idaroetmo mosalasinoe gatirok:
V ={ut)e (L0,T), vt)=0,t),...0,1):a, <v,t)< B i=1..n(0T)-do sanki
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har yerda} sinfindon elo u(t) vektor-funksiyasini tapmali ki, o
17 )
Jo(v)=Eb[i§[u(xiat;v)_gi(t)] dt (5)
funksionalina (1)-(3) mohdudiyyetlori daxilindo minimum qiymot versin,
burada u=u(xt;v) — (1)-(3) masalasinin v=wv(t) l¢iin hallidir, .8, <f,i=1...,n-
verilmis ododlordir. v=uv(t) vektor-funksiyasini idaroedici, V sinfini miimkiin

idaraedicilor sinfi adlandiraq. Qeyd edok ki, ogor minJ, (v) =0 olarsa, onda (4)
olava sortlori 6donir.

(1)-(3), (5) mosalasini requlyarlasdiraq: elo v(t)eV idaroedicisini tapmali
ki, o

J,) =%E§[U(Xi»t;v)— gi(t)]zdt+§l§|vi(t)—w.(t)|zdt (6)
funksionalilna ~ minimum  versin,  burada S >0—verilmis adad,
o) =(a1),...o,t)e (L,(0,T)" - verilmis vektor funksiyadir. Bu masoloni
asagida (1)-(3), (6) mosalosi adlandiracagiq.

(1)-(3) sorhad mosalosinin timumilogmis halline baxacagiq. Hor bir qeyd
olunmus v=wv(t)eV idarsedicisi ii¢lin (1)-(3) mosslosinin {imumilogmis holli
dedikdo W, (Q)-don olan elo u=u(x,t;v) funksiyasini basa diisocoyik ki, o t=0
—da u,(x)-o0 borabor olsun vo ixtiyari n=n(xt)eW, (Q),n(x,T)=0 funksiyasi
uguin
j[— a_ua_n+a_u 8_77+ S0 (Hh(X)u n}dxdt - (ju ()N (x,0)dx = | f(x,typdxdt  (7)
ol ot ot ox ox = T 0 Q
inteqral eyniliyini 6dasin.

[4, s.209-215]-in naticalorindon alinir ki, (1)-(3) mosalasinin verilonlori
tizorino yuxarida qoyulmus sortlor daxilindo bu masalonin W, (Q) fozasinda ye-
gand imumilogmis halli var vo homin hall iigiin

P | T Pl 1 Pl L1 (8)
qiymatlondirmosi dogrudur.
Burada vo sonralar ¢ ilo giymatlondirilon komiyyatlordon vo miimkiin idaro-
edicilordon asili olmayan miixtolif sabitlori isaro edocoyik.

Qeyd 1. Qeyd edok ki, (1)-(3) masoalasinin belo timumilogmis holli hoam do

U={uxt):ue C[O,T];V\(}Z'(O,é), g—ttje C([0, T L,[0,6])}

sinfino daxildir vo bu halli @ -do kosilmoz hesab etmok olar [5, s.307].

2. Optimal idarsedicinin varligi masalasi

Teorem 1. Tutaq ki, (1)-(3), (6) masolosinin verilonlori yuxarida qo-
yulmus sortlori 6doyir. Onda (L,(0,T))" fozasinin elo G six alt ¢oxlugu var ki,
ixtiyari we G l¢lin >0 oldugda (1)-(3), (6) optimal idaroetmo masalosinin
yegano hoalli var.



Isbati. J,(v) funksionalmin V coxlugunda (L,(0,T))" fozasinin normasi

monada kosilmozliyini isbat edok.
Tutaq ki, sv=2ov(t) vektor funksiyasi veV elementinin elo artimidir ki,

v+oveV . A(Xt)=u(xt;v+dv)-u(xt;v) isaro edok.
Aydindir ki, JU(X,t) funksiyast

028 028
atzu - axzu + Z?:l(vi + 6Ui)hi5u =-u Z?=1 6vihir (x, t) €Q, (9)
Oul=o = 0,@| =00<x<4, (10)
at l¢=0
&0, = (1) =0, 0<t<T (11)

sorhad masalasinin W, (Q)—daon olan imumilosmis hollidir.
(9)-(11) sorhod masalasinin W, (Q)—daon olan iimumilosmis halli t=0-da
sifra borabardir vo ixtiyari 7=7(x,t)e W, ,(Q), 7(x,T)=0 {iglin o,
A& dn A& an . .
gRn o9 9T = .+ 0v)h h 12
£|: ot o aX}dxdt g[é(v.ﬂm) ,&J+u§§v, ,}ndxdt (12)
inteqral eyniliyini 6dayir.
Gostorak ki, (9)-(11) masoalasinin halli li¢lin
l6ullu oy < cllévllw,om)m (13)
giymotlondirmasi dogrudur.

Faedo-Qalyorkin tisulunu totbiq edok. Tutaq ki, {¢ (x)};, sistemi V\(;Zl 0,0)—
do fundamental sistemdir vo j(/)k(x)(/)m(x)dx:@m , burada §" Kroneker simvolu-

dur.
(9)-(11) masalasinin toqribi hallorini
& (1) = X' (0, ()
kimi axtaraq, burada c,'(t) omsallar1
o ot o X dx 0i=1 (14)
- jui hove, (X)dx, m=1,..,N

N _ dcy (t) _ 15
Ce(0)=0, =2 0 (15)

miinasibatlortindon toyin olunur.
(14) borabarliklori ¢} (t), k =1,...,N namolum funksiyalari ii¢lin xatti ikitor-

tibli adi diferensial tonliklor sistemidir. Bu sistem ;:2“), k=1,...N —lora nozo-
ron holl olunmusdur. Qeyd edok ki, (14) sistemi (15) sortlori daxilindo birqiy-

moatli hoall olunandir va

%e L(0,T). (14) borabarliklorinin hor birini 6z



%c;‘ (t) funksiyasina vuraq vo onlart m-5 géro I-don N -0 godor comloyok.

Onda alariq
co*du o codu™ oo™
J‘ . X+J .

v o’ ot o OX otox

N

o4l dx.
t

:—[2(1) +0v,)hdu" ? dx — juz&)h

0 i=l i=1

Buradan verilonlor iizorino qoyulmus sortlordon ¢ixir ki,

j odu ol dx<c” aau
of | ot ox

Qeyd 1-o goro (1)-(3) masaloasinin u=u(x,t)=u(x,t;v) qeyd olunmus halli
U sinfino daxildir vo bu hall @ —do mohduddur. Onda sonuncu borabarsiz-

likdan alinir ki,
j[ﬁ }dxgc;j[

ot
W, (0,¢) -do normalarin ekvivalentliyina gbro buradan ¢ixir ki,

i[|& | anN odau" }dXS

ox
gcii{@ 4|22

Bu barabarsizliys Qronuol lemmasml totbiq etsok, alariq

j s +8&J B&J
0 ot ox

Buradan t—yo goro 0-dan T —yo godar inteqrallasaq

| < clo
Q)
giymatlondirmasini alariq.
Bu borabarsizliys asason {&"}, N =12,... ardicilligindan els alt ardicilliq

ayirmaq olar ki (onu da ovvolki kimi isaro edirik), o W)(Q)—do miioyyon
e W, (Q) elementina zoaif yigilsin. Norma hilbert fozasinda asagidan zoif ya-
rimkasilmaz oldugundan {&u"} ardicilliginin zaif limiti olan bu funksiyasi ti¢tin

A L e
giymatlondirmasi dogrudur. Beloaliklo, (13) giymatlondirmasi isbat olundu.
[4, s.70]-doki daxilolma teoremina gora W, (Q) fozast L,(0,T)-yo mohdud da-
xildir, ona gors (13) gqiymoatlondirmasindon ¢ixir ki,
D), o, <l o, <clov] i=1,..,n

(L)’

2

]dxds+c”u 2|§v| dxds.

e TR
+
oX

0 i=l

aaj }dxds +cjz|5v| dt.

+

85u“

}dxds + cj2|§v| dt.

0 i=1

N2

}dx <c[$|ov[ dt, Vte[0,T].

0 i=1

(L, (0.T)"

Ona géro [, 0 olduqda |0, — (16)



J,(v) funksionalinin artimini
AJ,(v)=J,(v+oV)-J, (V)=

=l§[u(xi,t;v)— g, (H)]du(x,, tdt +%l§|&1(xi,t)|zdt

soklindo gostorok. Buradan vo (16) miinasibotindon J,(v) funksionalinin Vv
coxlugunda (L,(0,T))" fozasinin normast monada kasilmozliyi alinir.

Beloliklo, J,(v) funksionali vV ¢oxlugunda kosilmoz vo asagidan moh-
duddur. v c¢oxlugu miintozom gabariq (L,(0,T))" banax fozasinda gapali vo
mohduddur. Onda teorem 1-in hokmii [5]-doki malum teoremdon alinir. Teo-
rem 1 isbat olundu.

3. (6) funksionalinin diferensiallanmasi

Indi (6) funksionalinin Frese monada diferensiallanan oldugunu gostorok.

Tutaq ki, y/—y/(x,t;v) funksiyasi

dly 8 1,//

pre [U(X.,,v) 9, (M16(x-x), (x,)eQ,  (17)

81//
ot |,
gosma sorhod masolasinin holhdlr.

(17), (18) sorhad masalasinin veV ii¢lin imumilogmis holli dedikds elo
v =y (xtv)eW, (Q) funksiyasi basa dusiiliir ki, o t=T olduqda sifra borabordir

=0,0< X</, p0,)=p(lt)=0,0<t<T (18)

l/flt .

vaixtiyarl = pu(x,t)e W, (Q), #(x,0)=0 {lglin
J|: 81//8;1 Ay ou
ol ot at oX oX

Z—EI[U(X” ’U) g (t)]/u(xnt)dt

i=l o

——+ Zv (Hh, (x)y/y]dxdt =
i=1 (1 9)

inteqral eyniliyini 6doyir.
Teorem 2. Tutaq ki, (1)-(3), (6) masalasinin verilonlori {izorino yuxarida
qoyulmus sortlori 6domir. Onda (17), (18) qosma mosalasinin W, (Q)—do ye-

gano Uimumilogmis halli var.
Isbati. Faedo-Qalyorkin iisulundan istifade edok. V\Z‘(O,/@) —do {p.(x)}r,

fundamental sistemi olaraq {\/% sin%x} sistemini gotiirok.

(17),(18) masalosinin toqribi hallini yx”(x,t):ic;‘(t)gok(x) soklindo axtaraq,
burada c} (t)—lor
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¢V (T) =0, dcdiT) 0 21)

miinasibatlorindon tayin olunur.

(20) borabarliklari ;t () —yo nozoron holl olunmus ¢ (t),k =1,..,N namolum

funksiyalar ticlin ikitortibli adi diferensial tonliklor sistemidir, i[u(x‘,t;v)—gi(t)](pm(xi)
sorbast hodlori L,(0,T)—ys daxildir. Bu sistem (21) sortlori daxilinds birgiymatli
hall olunandir.

(20) barabarliklarinin har birini 6z % funksiyasina vurub m-o goro 1-

don N -0 godar comlasak, alariq:

jaw Iy dx+j8w Iy Iy (x,t)

ot o o G X Ut m 01—

Buradan t-yo gors t-don T -yo godor inteqrallasaq, yaza bilorik:

j 8;/: %_'/; ]dx ZIZ[U(X,,S v)— g(s)]wds (22)

(20) adi diferensial tonliklor sistemini (21) sortlori daxilinda ¢ (t),...,c) (t)
namolum funksiyalarina nozoron ardicil holl edorok vo trigonometrik funk-
siyalarin bazi malum xassoalorindon istifads edarak

D" (x.b)| Cj|aV’N(Xi’t)|zdx, i=12,..n
| 0| oX |

2

| ot
oldugunu alariq. Onda (22) borabarliyindon
I{ a;: ag// }dx<cj2|u(x $;0)—g,(s)| ds+
it A N EIACOl
+C{{|W(XS)| | P

oldugunu alariq. V\Z1 (0,/)—da normalarin ekvivalentliyina gora

j|: N2+ +‘al// dX<CJ.Z|U(X S;0) — g(S)| ds +
2 81//

ox
T/ N d d
+c{£[w + | E» :| xds
olar. Bu barabarsizliya Qronuol lemmasini tatbiq etsok,

‘ a Tn
N R

CiZ
ot

oy ’
ot

u(x,t;0)— g, dt, Vte[0,T]

Vo ya

<e[Sux.to) - g0 . (23)

Il

W)@

10



olar.
Buradan {y},} ardiciliginin W,'(Q)—do mohdudlugu alinir vo N — < olduqda

{w"(x,t)} ardicilliginin W, (Q)—ds zoif limiti olan w(x,t) funksiyasinin (17), (18)
masalasinin halli olundugu alinir. Hallin yeganaliyi standart iisulla isbat olunur.
Teorem 2 isbat olundu.
Qeyd edok ki, hilbert fozasinda norma asagidan zoif yarimkosilmoz
oldugundan (23)-don ¢ixir ki, w(x,t) funksiyasi iiglin
(177 S CG u(x,t;v) - gi(t)|2dt) (24)

n
=

giymotlondirmasi dogrudur.
Burada (8) giymotlondirmesini vo W,(Q)-niin L,(0,T)—yo mohdud daxil ol-

masini nozors alsaq, yaza bilorik:
||l//||W:‘(Q) < C["uouwz‘(o,m +||u1||L3(w) +|| f "LZ(Q) + E‘

Bundan slave yeU olur.

9L or)1- (25)

Teorem 3. Tutaq ki, teorem 1-in sortlori 6donir. Onda (6) funksionali v
do Frese monada kosilmoz diferensiallanandir vo onun veV ndqtesindo Sv
artimli diferensiali

(35(0), 69) = [ 3 (Ju(HY (D (0dX) S0, (Dt +

. - (26)
+ ﬂj < (vi (t) - (t))avi (t)dt
ifadasi ilo toyin olunur.
Isbati. (6) funksionalinin artimina baxagq:
AJ,(0) =3, (0+60) -, (V) = | S[U(X,. 1) — g, (DI, bt +
. (27)

T n 1Tn 5 Tn 5
+ ﬂ{%(vi(t)—a4(t))§vi(t)dt+5 £§|ci1(xi,t)| dt+§£i§:1‘,|6vi(t)| dt.
Ogor (12)-do n=y(xtv), (19)-da u=di(x,t)gotiriib, alinan miinasibatlori
toplasaq, yaza bilorik:
I3 U0, 50) - g, ()&, Dt = [uyS v, (O, (0dxdt +
1 Q i=l

+ [y 8v, (D, (x)dudxdt.
Bu boraborliyi (27)-do nozors alsaq
A3, )= [£(uyh (05, Odt+ B E 0,0 - 0 )Y Ot +R  (28)

olar, burada

R=] (jw&hi(x)dx)évi(t)dt+%}i|&1(xi,t)|2dt+§}i|5vi(t)|2dt (29)

qaliq hoddir.
Aydindir ki, (26)-nin sag torofindoki ifade verilmis veV liclin sv—don
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asil1 xotti funksional toyin edir. Bundan slavo u,ye U oldugundan
JEE U0 DN 000 + B3 (0,0 - @, (D), (Dt

Buradan alinir ki, (26)-nin sag torofindoki funksional sv—yo géro mohduddur.
Indi (29) qaliq haddini giymotlondirak. ye U oldugundan Q-do sanki hor

yerda [y (x, t)| < c¢. Onda Kosi-Bunyakovski barabarsizliyino gors yaza bilorik:
R|< c}(iﬂ&hi (x)|dx)§vi (ofdt-+ TS o of +§]§|5vi ('t <

< C”é‘v"(uox i

i 2

i=1

<l Lol

1 n
v 2

Burada W, (Q) — L,(0,T) daxilolmasinin mohdudlugunu [3, s.70] va (13) giymat-

Su(x, b

L@ L(OT) LOT)

londirmasini nozars alsaq |R)| Sc~i"5vi”2 . Onda (28)-don ¢ixir ki, (6) funk-

L, (0.T)
sional1 V -do Frese manada diferensiallanandir vo (26) diisturu dogrudur. Indi
gostorak ki, (26) ilo toyin olunan »— Jj(v) inikast V -don (L,(0,T))" fozasina
kosilmoaz tosir edir.
Tutaq ki, Sy (x,t)=w(xtv+6v)-w(xt;v). (17), (18)-don ¢ixir ki, Sy (x.t)
funksiyasi

POV SO0y =-EAX000-X), (xDEQ (30)
Syl =0, ag—t'” =0, 0< X</, Sy (0,t)=p(L,t)=0,0<t<T  (31)

sorhad masalasinin W, (Q) -dan olan timumilosmis hollidir.

(24)-0 analoji olaraq

||5l//"w;(o> sc: E’"aj(xl ’t)"Ll(O,T)

giymatlondirmosi dogrudur.

W, (Q) — L,(0,T) daxilolmasinin mohdudluguna goéras sonuncu borabarsiz-
likdon ¢ixir ki,

[0, <l c, (32)

Onda (32) va (13)-don alinir ki,

||61/’||W21(Q) < C||577||(L2(0,T))" (33)
(26) diisturundan vo Kosi-Bunyakovski barabarsizliyindon ¢ixir ki,

L, +60) =3, o, Sl o, 10V, W0, 100,

el g, 6w o1+ 83
(13) vo (33) diisturlarindan almir ki, ||5U||Lz(o,n —0 oldugda bu borabor-

5vi "L:(O.T) :

sizliyin sag torofi sifira yaxinlasir.
Buradan almir ki, v — Jj(v) V -don (L,(0,T))"- o kosilmaz inikasdir.

Teorem 3 isbat edildi.

12



4. Optimalhq sorti
Teorem 4. Tutaq ki, teorem 3-iin sortlori 6donir. Onda v.(t)=(v/(t)....,v(t))eV

idaraedicisinin (1),(3), (6) masalasindo optimallig1 {i¢iin zoruri sort
}i[ju*(xnt)vf*(xﬁ)hi(X)dX+ﬁ(1):(t) —o M), O -y 1)t 20, VoeV (34)
baorabarsizliyinin 6donmasidir, burada u.(x,t)=u(x,t;n.), w.(xt)=w(xt;0.) funksi-
yalar1 uygun olaraq (1), (3) vo (17), (18) masalalorinin u(t) = v.(t) tiglin holloridir.
Isbati. v ¢oxlugu (L,(0,T))"—do qabariqdir. Sonra teorem 3-o goro J 5(V)

funksionali vV ¢oxlugunda Frese monada kosilmoz diferensiallanandir vo onun
veV —do diferensial1 (26) borabarsizliyi ils toyin olunur. Onda [7, s. 28]-doki
teorem 5-0 goro v, €V elementindo (J}(v.),v-v.)>0 YveV borabarsizliyi 6do-

nir. Buradan vo (26) diisturundan (34) berabarsizliyinin dogrulugu alinir. Teo-
rem 4 isbat olundu.
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3AJJAYA OINPEAEJEHUSA KOYOPUIMEHTA ITPU MJIAJINEM YJIEHE
B YPABHEHUU KOJIEBAHUI CTPYHBI

I'.®.KYJIHUEB, I' T . HCMAHNJIOBA
PE3IOME

OOpaTHBIC 3a1a4M 3aHUMAIOT 0COOYIO MECTO B MareMaTHdeckol (usuke. Cpeau 3Tux
00paTHBIX 3a/a4 omnpejaeicHue K03(Q(UIMEHTOB ypaBHEHHS OCOOCHHO OTIHYAOTCI. B 3THX
3aauax MOMUMO pemieHus, K03(h(OUITUCHTHI yPaBHCHUHN TOXKE SBIISIOTCS HCU3BECTHBIMHU.

B paGote uccrnenyercst onpeaeneHue K03QPUIMESHTH MIIAIIETO WieHa B ypaBHEHUS
KoJieOaHusl CTPYHBI. DTa 33/1a4a MPUBOAMTCS K 3a/[a4e ONTHMAIILHOTO YIIPABICHUS U MOJIY4CH-
HOM 3a/aue MPUMEHSIOTCS METO/Ibl ONTUMAIILHOTO yIpaBiieHus. B naHHOM 3a/1aue uccienyercs
CYIIECTBOBAHUE ONTUMAJBHOTO yIpaBieHue, AupdepeHuupyeMocTs GyHKIHOHATA B CMbICIE
Opeiiie U yCIOBUE ONTHMAIBHOCTH.

KioueBsble cioBa: ypaBHeHMs1 KosieOaHUH, KOI(D(UIMEHT MIIaJIIero wieHa, odpar-
Hasl 33j1a4a, ONTUMAaJIbHOE YIIpaBJICHHE
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THE PROBLEM OF DETERMINING THE COEFFICIENT
AT THE LOWEST TERM IN THE STRING OSCILLATIONS EQUATION

H.F.GULIYEYV, G.G. ISMAYILOVA
SUMMARY

Inverse problems have a special place in the equations of mathematical physics.
Among these inverse problems, the problem of finding the coefficients of the equation is
particularly differs. In such problems, along with the solution of the equation, the coefficients
are also unknown [1, 2, 3].

In this work the problem of finding the coefficient at the lowest term in the string
oscillations equation is investigated. This problem is reduced to the optimal control problem
and the methods of optimal control theory are applied to the obtained problem. In this problem
the existence of a control, differentiability of the functional in the Frechet sense and the
condition of optimality are investigated.

Keywords: equation of oscillations, coefficient at the lowest term, inverse problem,
optimal control
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