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DOYISON SORHODLI OBLASTDA PARABOLIK TONLIYIN
NAMOLUM OMSALININ TAPILMASI HAQQINDA TORS MOSOLO

Acar sozlor: parabolik tonlik, dayison sarhadli oblast, tors masala, yeganalik,
dayanaqliq

Maqals parabolik tonlikde zaman doyisenindon asili olan namslum omsalin
tapilmas1 haqqinda tors mosolonin korrektliyinin aragdirilmasina hosr olunmusdur.
Sarhadi zaman doyisonindan asili olan oblastda Neyman sorhad sortli qarisiq masaloya
baxilir, namslum funksiyanin tapilmasi ii¢iin toklif olunan slavs sort inteqral soklindo
verilir. Baxilan tors masolonin hollinin yeganaliyi vo dayaniqlig1 haqqinda teorem isbat
olunmusdur.

AJIILTIabubosa

OBPATHAS 3AJIAYA OB OIPEJEJEHUA HEM3BECTHOI'O
KOD®OUIUEHTA MAPABOJIUMYECKOI'O YPABHEHUS
B OBJIACTH C NOJABUXHOM 'PAHUIIEN

Knroueevie cnoea: napabonuueckoe ypasneHue, 001aCHb ¢ NOOBUICHOU
epanuyetl, 0opamuas 3a0a4d, eOUHCMEEHHOCMb, YCIMOUYUBOCHb

B pabote paccmarpuBaercs oOpaTHas 3a7ada 00 OMPEISICHUH HEW3BECTHOTO
ko3¢ duIMerTa napaboINYecKoro ypaBHEHUS B OOJACTH C TOIBMXKHOM TpaHMIICH,
JIOTIOJTHUTENILHOE YCIOBUE TSI HAXOXKICHUS HEH3BECTHOrO KOA(PQHUIMEHTA, KOTOPbIH
3aBUCUT OT BpPEMEHHOM TEPEMEHHOM, 3aJlaHo€ B HHTErpajibHOM Buie. JlokazaHa
TeopeMa O JIMHCTBEHHOCTHU U «YCJIOBHOM» YCTOMYUBOCTU PEUICHHUS.

A.Sh.Gabibova

THE INVERSE PROBLEM FOR FINDING THE UNKNOWN COEFFICIENT
OF PARABOLIC EQUATION IN DOMAIN WITH MOVING BOUNDARY

Keywords: Parabolic equation, domain with moving boundaries, inverse
problem, uniqueness, stability
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The paper considers to investigate corrects of the inverse problem for finding
the unknown coefficient, which depends on the time variable. It is considered the
Neumann mixed boundary value problem on domain which the boundary depends on
the time variable, an additional condition for finding the unknown function is given in
the integral form. A theorem on uniqueness and stability of the solution of the given
inverse problem is proved.

Asagidaki isarolori gobul edok: (x,f1)— D= (O, 7(1))>< (0, T ] oblastinin
ixtiyari noqtasidir, x= }/(Z)— verilmis hamar funksiyadir,
0<a=y(0)<y(t)<y(T)=b<+o0, T =const>0,
ch (-),C”“’(”“)/ (), 1=0,1,2, 0<a <1 fozalari vo bu fozalarda normalar [3,
soh.12-30]-do oldugu kimi basa diisiiliir

0 < 0" p(x,1)
ool = Esun® 2=

2

/ ak

0 q(t)

=) su .

||T ]CZ()[OJ]%‘ atk
Namolum {c(t),u(x, t)} funksiyalar ciitiiniin tapilmas: haqqinda

asagidaki mosoloya baxilir:

u,—u_+ctu=f(xt) (x,t)eD, (1)
u(x,0)=p(x), xel0,a 2)

ux(())t) = l/lo(t)9 ux(y(t)ﬂt) = ‘//l(t)7 te [OsT]a (3)
fu(x, tdx=h(), t<[0,T] (4)

Burada f(x,1),p(x,0),y,(t),y,(t),h(t),y(t)— verilmis vo miioyyon hamarliq

sortlorine malik funksiyalardir.

Bir ¢ox siiziilmo, diffuziya proseslorin modellogdirilmasi doyison
sorhadli oblastlarda baxilan masalolors gotirilir [2; 4; 6]. Parabolik tip tonliklor
ticlin doyison sorhadli oblastlarda tors masalalor avvallor [1; 5]-do baxilmisdir.

Maosals (1)-(4)-iin ilkin verilanlori tigiin asagidak sortlori gobul edok:

1% f(x,t)e (D),

2° p(x)e C** [0,a}

3%y, ()., (1) € C[0,T] 0,(0) =, (0); @,(a) =, (a)
4% h(tye C*[0,T} |h(t) > const >0, 1 €[0,T]

5% vty eclo,T] y,(t)> 0, t[0,T] 0<a=p(0)<y(t)<(T)=b<+w.
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Torif 1. {c(t),u(x, t)} funksiyalar ciitiino o zaman (1)-(4) mosoalosinin
halli deyacayik ki, asagidaki sortlor 6donilsin:
1) c(t)eC“[O,T];
2) u(x, t) c C2+a,1+a/2( D)ﬂ Cl+a,(1+a)/2(5);
3)  (1)-(4) miinasibotlori adi qaydada 6donilir.

Torif 2. Ogor ixtiyari £>0 ododino qarst elo 6>0 varsa ki,
Hf—f” <5, |e-9|<s. |w,-w|<3. |v.-w|<s.|n —I?H <& oldugda

||u—ﬁ || <e&, c—E" <¢& olsun, onda deyocoyik ki, (1)-(4) mosalosinin halli

dayaniqhdir.

(1)-(4) mosolosi Adamar monada korrekt olmayan (qeyri-korrekt)
masololor sinfino daxildir. Nimunolor gdstormok olar ki, ogor qoyulmus
mosalonin holli vardirsa belo, hollin yeganoliyi vo ya ilkin verilonlordon
kosilmoz asililigt pozula bilor. Mosolon, asanligla yoxlamaq olar ki,

{c(t) =2n—lLu(x,f)=e" cosx} funksiyalar ciiti u, —u_ +c(t)u =ne ™ cosx,

(x,2) € (0, 7(1))x(0,T], y(t)=%+t, u(x,0) = cos x, xe[O,%} u,(0,£) =0,

3
u, (y(t),t) =—ne™ sin(%+ t),t € [O,T], Iu(x,t)dx =e™" sin%, te [0, T] tors
0

masalasinin hallidir. #» parametrinin n=s+1 va n = s qiymatlorindo mosalonin
ilkin verilonlori li¢iin yaza bilorik:

—st _
S =f1Se7, |00 =0 =0, [Woe — W,

“//ml Wi ey —h|<2e™.

=0,

<2, |h,

Aydindir ki, § parametrinin kifayot qodor bdylik giymatlorindo ilkin
verilonlor {iglin geyd olunan forqlori avvolcadon verilmis ixtiyari o6 >0

odadindan kigik etmok olar. Lakin bu halda <2e™,

yani masalonin halli dayaniqli deyildir.

Dayanaqsiz mosalalorin, o climlodon baxilan (1)-(4) masalesinin hall
olunma zarurati dyronilon mosalonin halli anlayisinin doqiqlosdirilmasini tolob
edir.

us+1 _us cs+l _cs =2 olur,

Korrektlik ¢oxlugu adlandirilan
K ={cu)etyeclo,1],

u(x,1) € Crrelral? (5),

(1)-(4) mosalosi 6zilino ekvivalent masaloyo gotirilorok arasdirilir.

c(t)| <m,te [O,T],

ux| <m,, (x, t) € 5}— ni qurag.

u

b
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Lemma 1. Forz edok ki, I(p(x)dxz h(0). Ogoar (1)-(4) masalosinin torif 1
0

monada klassik halli varsa, onda bu hall (1), (2), (3) va
o(f) = {u (a,t)—w, ()= h (1) +f 7(x, t)dx}/h(t), telo,7], (5)

masolasinin do halli olar va tarsing, (1), (2), (3), (5) masalasinin torif 1 monada
halli hom ds (1)-(4) mosalosinin hallidir.

Isbat1. Fors edok ki, {c(t),u(x,l)} citlori (1)-(4) mosalosinin torif 1
monada hallidir. (1) toenliyinin her iki torafini (O,a) intervalinda x doyisonina

nazaran inteqrallasaq, 1° —4° sortlori daxilinde almis olariq:
(0=, (@), 0.0)+ o) = £ (), < [0.7])
0

Buradan isa (5) diisturu alinir. Beloaliklo, {c(t),u(x, t)} ciitlori (1), (2), (3)
va (5) miinasibatlorini 6dayir.
Indi forz edok ki, {c(t),u(x, t)} ciitlori (1), (2), (3), (5) masalasinin tarif 1

monada hollidir. Gostorok ki, (4) miinasibati 6donilir. (1) tonliyindon yaza
bilarik:

_Iu, (x, t)dx —I“,u (x, t)dx + Ic(t)u(x, t)dx = If(x, t)dx.

Axirinet  borabarlikda, 9(z)=T u(x,t)dx —h(t) qobul edib, c(r)
0

funksiyasi tigiin (5) diisturunu nozoro alsaq, lemma 1 sorti daxilindo yaza
bilarik:

6 +c()f=0, 6(0)= jgo(x)dx —h(0)=0.
0
Aydindir ki, alinan Kosi mosolosinin yegans holli: 4(¢) = 0-dir. Bagqa
s0zlo, Ju(x,t)dx —h(t) =0, yoni (4) miinasibati 6danilir.
0

Lemma 1 isbat olundu.

Molumdur ki, tors masalolorin hallinin yegansliyi haqqinda teoremin
isbatt vo hollin ilkin verilonlordon kosilmoz asililiginin gostoricisi olan
qiymatlondirmonin alinmasi bu tip masololorin korrektliyinin arasdirilmasinda
mihiim yer tutur.
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Forz edok ki, {c1 (®),u,(x, t)} ciitlori (1), (2), (3), (5) miinasibatlorini
i (x, t), 0,(0), W o, ()1, (1), b (1), () verilonlorine nozoran ([, masalesi),
{c2 (®),u,(x, t)} clitlori (1), (2), (3), (5) miinasibatlorini
/s (x, t), @, (%), W, (), 1, (2),h, (1), () verilonlorine nozoron (7, masalosi)

odayirlor.
Teorem 1. Forz edok ki:

1) f;(26,2).0, (0,00, (.01, (). 1 (D, 7(0) Vo £(3,2), 0, (0,000 (0.1, (O, 1, (£), 1(2)

funksiyalar1 uygun olaraq 1° —5° sertlorini 6doyir:
2) I, vo I, mosalolorinin K ¢oxluguna daxil olan {cl(t),ul(x,t)} &)

{c2 (®),u,(x, t)} holli vardir.
Onda elo 7" € (0,7] vardir ki, D, =[0,(¢)]x[0.7"] oblastinda (1), (2),

(3), (5) masalasinin halli yeganadir vo asagidaki dayanaqliq qiymstlondirmasi
dogrudur:

=)+ e =l <
2)

< m; |“f1 £l e~ 0 HVor =¥ el + o =wially +[h ] l (6)
burada m, >0~— I, va I, masalalarinin verilonlorindon vo K ¢oxlugundan asili

sabitdir.
Teorem 1-in isbati. ©vvalca (6) borabarsizliyinin dogrulugunu isbat
edok. Hollin yeganoliyi (6) diisturundan

J1=S 0 O =Py Wo =Woys Wiy =V y0» By =h, sortlori daxilinds alinacaqdir.
Elo ¢(x) e C* [O,b], funksiyasini quraq ki, ¢(x) = ¢(x), x €[0,a].
Qobul edilmis sortlor daxilinda
~ 2y(H)x—x° x’
F(x,t)=0(x)+——"—|w, (1)—w,(0)|+ ) —w, (0
()= 90+ === lro @ =y O]+ 0y, 0)]
funksiya ti¢iin yaza bilorik:
F(x,t)e C****(D), F(x.0)=3(x), F.(0,6)=w,)., F.(y().)=w, ().
Asagidaki isarolori gobul edok:
Z(X,l)= U, (X, t) _uz(xat): ﬂ’(t) =( (t) —C (t)9§1 (x’t) = ﬁ (xat)_.fz(xat):
0,(X) =, (x) =9, (%), 5,(O) =y, () —W , (1), 0,() =y, () —y, (D),
550) = hl (t)_hz(t)a 56(x9t) = E(X,l‘)—F‘z(X,l‘), W()C,t) = Z(X’Z) _56(xat)'
I, mosalosinin miinasibatlorindon 7, mosolosinin uygun miinasibatlorini

cixsaq, {ﬂ(t), w(x, t)} funksiyalar ciitiiniin tapilmas1 haqqinda mosolo alariq:
Wt_wxx :¢(x3t)7 (X,t) ED, (7)

13
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w(x,00=0, xel0,a] w,(0,£)=w, (y(t),1)=0, t€[0,T], (8)
At) =z (a,t)/ h()+H(t), t €[0,T] 9)
burada @(x,7)= &,(x,0)—= UO)u, (x,0)—c,()z(x,1) + S, (x,) = S, (x,1)

H(t)= {f@ (x,t)dx —8,() - 3, (t)} hy (2)

+|:‘//02 (1) +hy, (1) _]ifz (xat)dx]é‘s (t)}/:hl (t)'hz(t)],

@(x,t) funksiyasini (— OO,+OO) intervalina davam etdirok:
#(0,1), —oo<x<0, 0<¢<T,
d(x,0)=1d(x,1), 0<x<y(r), O0<t<T, (10)
o(y(2),t), y(t)<x <+, 0<t<T,
Gostormok olar ki, [6, 19 fosil]

v = [Glx—&,t-7)p(£,7)dédz, (11)
0 -
(burada G(x,t)= ! ex —ﬁ t>0-y —y_ =0 tonliyinin fundamental
s m 4t 4 t XX y

hallidir) potensiali li¢iin asagidaki xassolor dogrudur:
1) y(x,t) funksiyasi

yt _yxx = 5(X,t), (x’t) € (_OO’+OO)X (O’T]
tonliyini 6dayir ;
2) y(x’ t) H yx (X, t) € C{(_ OO’+OO) X [O’ T]}’
~11(0)
3) |y(x,t) < m4“¢HD ‘1, (x,t)€e (— oo,+oo)><[0,T];
o <mfg” 12, (e -osro)x[0.7]
(7), (8) miinasibatlorindon  w(x,?) funksiyasinin tapilmasi haqqinda

4)

masolonin hallini

w(x,t) =o(x,t)+ y(x,t)
soklindo axtaraq. Burada y(x,7)— (11) vasitoesi ilo toyin olunan funksiyadir,
v(x,t) funksiyasi iso asagidaki mosalonin hallidir:

v,-v, =0, (xt)eD,

v(x,0)=0, xe(0,a] (12)
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0,(0,1)==,(0.2), 0, (N®.0) =2, (A1)}, 7€[0.7T]
(12) masalosinin hollini asagidaki sokildo gostormak olar [4, 14 fosil]:

u(x, t) = —Zj. G(x,t - z'),o1 (r)d T+ 2Jt' G(x —y(t),t— z')p2 (r)d T, (13)

burada p,(¢), p,(t)funksiyalar1 asagidak: inteqral tonliklor sisteminin hollidir
[6, 14 fosil]:

30.0)=p,)+2] G- et~ D)y (e,
' ‘ (14)
~y.(r(0).t)= p,(1) - 2] G, (¥(t).t—7)p,(r)dv.

Qeyd edok ki, teorem 1-in sortlori daxilinde p,(¢), p,(?) € C([O, T ]) [6,14
fosil] |
w(x,t) funksiyasini giymatlondirok.
Aydindir ki,

[w(x, 1)) <[ox, 1) + [y, )
(15)-ds birinci toplanan ii¢iin yaza bilorik:

|U(x, t)| < 2j G(x,t— 2')|,0l (r)|df + Zj G(x—y(t),t - z')|,o2 (r)dr.

[6, 14 fosil]-do istifado olunan metodikani totbiq etmoklos, fundamental hollin
0zii vo toromolori li¢iin yaza bilorik:

' (15)

|G(x,t —Tﬂa G(x— V(Z),l —TX < consz(t _ T)—l/z’
G, (Aeht—7) < consilt =), (16)

(16) giymatlondirmolarindan istifado edorak yaza bilorik:
peeof<nflp]) +ol” }7°. (17)

p,(t) va p,(¢) funksiyalarmi qiymoytlondirmok {i¢iin (14)-don yaza bilorik:

v, 0.0)+2[G. (=7 @)t =7)-| o, (@)d7,

(1)) <

EXGESION;

G.()

+2[|G, (y(e)t )| o (Ddz, (18)

.0

ticiin qiymatlondirmalari nozars alsaq, yaza bilorik:

@ <m ], -+ moul, T

\E
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(0) (0)
@) < ol -+ migllo -T2
Axirinct  borabrsizliklor  hor bir  £€[0,7] iigin odonilir. Onda bu
barabarsizliklor sol taraflorin maksimal qiymatlorinde do dogru olar, yoni

Il <maf] T wmo T

IOl <l 7% el 7
Borabarsizliklori birlogdircok alariq

ol +oa 0 <m B 1 o |+l |

burada m,,,m,, > 0— ilkin verilonlordon asili sabitlordir.

(U]

T

Forz edok ki, T, e(O,T ] ododi tigiin - m,T"* <1 &donilir. Onda axirinct
borabarsizlikdon alariq:

oy +lesl;” < meld,’ -7 (19)
(19)-u (17)-do nozors alsaq, yazariq:
0) 7172
5 = Iy . 5
oG, <my |\, T (20)

w(x, 1)

~11(0)
< m15H¢HD T, x(t)eD.

ticiin yaza bilorik:

~|© T
<m,|@| -T borabarsizliyini nozars alib,
4 T

|y(x,1)

|w(x, t)

Buradan iso

(0)
D b

~7|I© 1/2
<myglg| T+ o)

+ |56 (x,7)

|2(x,0)| = |w(x, 1)

vaya
2,0 < 6|+ 6,0 [+ 0 72, 1)

burada 6 = "/1”;0) + ||z||g)) .

Indi A(¢) funksiyasini giymotlondirok. (9)-dan alinur:

A@)| <

ngnmmm+{ﬁ@u¢th@gnqaxm}

'|h2 (t)| +|:u2x (a,t) +|‘/’o2 (t)| +|h21(t)| +j.|f2 (x,1) dx]é‘s (t)/hl (2)-h, (t)|

Teorem 1-in sortlorini vo (16) barabarsizliklorini nozors alaraq, Zx(a,t)f iclin

yaza bilorik:
z, (a,t] < |1)X (a,t)‘ +|yx (a,tX + |56x (a,tX] <
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<60+ my | T 4 myy 0T,
Belaliklo, /1(1) liclin yaza bilorik:
L O N R e R Yl el o 22)
(21) vo (22) berabarsizliklori ixtiyari (x,7)e D, =(0,7(¢))x(0,7] iiciin dogru

oldugundan, sol toraflorin maksimal qiymatlorindo do ddonilir:
< maaly) +loily" Jemo0 7

e L A Y MR A A
Axarinct iki borabarsizliklori torof-torafa toplasaq, alariq:
o<mallolly +lo ol femom

Forz edok ki, T~ elo ododdir ki, 0< 7" <T,<T vo m,,T""* <1. Onda

axirinct  borabarsizlikdon  hollin ~ “sorti  dayanighigimi”  ifado  edon
qiymatlondirmoni almis olar1c1"

U Ll < maloly +eul? ol +lol +le] @3
(1), (2), (3), (5) mosolosinin (demoali hom do (1)-(4) mosalosinin)
hallinin yeganaliyi
J1060) = f(x6,0), (X)) = 0, (0,1, () = Wop (0,071, (6) = w1, (0), By (1) = 1y (0).
oldugda (23)-don alinir.
Teorem isbat olundu.
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